Introduction
Based on infinite product expansions and inequalities on series and the Riemann's zeta function, D'Aurizio ( [2] ) proved the following inequality:
where x ∈ (0, π/2). Using an elementary approach, Sándor ([4] ) offered an alternative proof of (1) by employing trigonometric inequalities and an auxiliary function. In the same paper, Sándor also provided the converse to (1):
where x ∈ (0, π/2). In addition, Sándor found the following analogous inequality (4) holds true for the case of sine functions:
The two double inequalities
and
hold for any x ∈ (0, π/2). by f c (x) and f s (x), respectively:
Our aim is to generalize the D'Aurizio-Sándor inequalities for the case of f c p (x) and f s p (x) as follows:
hold for p = 3, 4, 5, · · ·. In particular, the double inequality (8) remains true when p = 2 while the double inequality (7) is reversed when p = 2 .
The remainder of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 2 and an alternative proof of Theorem 1. In Section 3, we establish analogue of Theorem 2 for hyperbolic functions. As an application of Theorem 2, we apply in Section 4 inequality (8) to the Chebyshev polynomials of the second kind and establish a trigonometric inequality.
Proof of the main results
At first we will prove the following lemma. The lemma provides expressions of the higher-order derivative
, which are helpful in proving Theorem 2. We note that the sign of
) plays a crucial role in proving Theorem 2. LEMMA 1. Let 0 < x < π/2 and k = 1, 2, 3, · · ·. Then when p ∈ R and p = 0 , we have
(ii)
In particular,
(v) For △ = c, s and p ∈ R \ {0} ,
Proof. (i), (ii) and (v) follows directly from calculations using elementary Calculus. In particular, trigonometric addition formulas are used in proving (i) and (ii). To prove (11), we claim
Indeed, we rewrite
On the other hand, making use of Euler's formula e i z = cos z + i sin z leads to an alternative expression of the left-hand side of (16):
where ℜ {z} is the real part of z and i = √ −1. Now it suffices to show
Using (10) in (ii), this can be achieved by straightforward calculations. Thus (iii) is true. The proof of (iv) is similar, and we omit the details. We complete the proof of Lemma 1. We provide here an alternative proof of the two double inequalities in Theorem 1.
Proof. [Proof of Theorem 1] To this end, we show that for x ∈ (0, π/2), f c
is strictly increasing while f s
is strictly decreasing. These lead to the desired inequalities since it is easy to see that
To see f c 2 (x) is strictly increasing, we employ (9) in Lemma 1 to obtain
As lim x→0
We are led to We are now in the position to give the proof of Theorem 2.
